This work is concerned with the mechanical design and the description of the different components of a new mobile base for a lightweight mobile manipulator. These kinds of mobile manipulators are normally composed of multiple lightweight links mounted on a mobile platform. This work is focused on the description of the mobile platform, the development of a new kinematic model and the design of a control strategy for the system. The proposed kinematic model and control strategy are validated by means of experimentation using the real prototype. The workspace of the system is also defined.
Introduction
When compared to conventional manipulators, lightweight link manipulators have the following advantages: a lower cost, a larger work volume (they have longer links), a higher operational speed, a greater payload-to-manipulator-weight ratio, smaller actuators, less energy consumption, better maneuverability, better transportability and safer operation owing to reduced inertia. These numerous advantages have led to the extensive use of these kind of manipulators in various robotic applications, thus making them of great interest to many researchers throughout the world over the last few decades. Because energy consumption in motors is directly proportional to the mass and size of robot elements, long and light robot links are commonly used. However, they present the drawbacks of exhibiting vibrations and permanent deflections because of the flexibility of their links. A survey on the mechanics and dynamics of these robots is [1] , a survey on their control is [2] and a recent review about of the control and sensor systems of these manipulators is [3] .
Mobile manipulators have recently received considerable attention and a wide range of applications have been explored. In most cases, a mobile robot must be capable of some form of manipulation in order to be useful and manipulators are, therefore, mounted on mobile platforms. An extensive literature survey on mobile manipulator systems can be found in [4] .
These manipulators usually have power on board with limited energy owing to the difficulty involved in storing a great amount of energy in batteries. This, therefore, makes it necessary to incorporate light links in order to decrease energy consumption. Another important advantage of using lightweight manipulators is that their lightweight features allow longer links to be designed in order to extend the workspace of the manipulators, thus enabling them to reach targets that walking motion of humans or animals. Mechanical legs have, normally, one or more actuators depending on the complex motion they have to carry out. Simple planar motion can be carried out with a leg pantograph with 1 DOF that is very similar to the system of the legs of the platform described here. Recent works which analyze the design, kinematics and dynamics of these mechanism can be found in [17] [18] [19] .
In this work, a new kinematic model and a new control strategy for the platform of the system are proposed in order to control the posture and the orientation of the system. Other works which use a similar strategy can be found in [20] where a control based on a kinematic model of the system is developed in order to surpass obstacles such as curbs, ramps or staircases while maintaining the seat's inclination of a wheelchair. This work was the starting point for the development of the kinematic model and the control strategy of our robot, having in common both systems that they move at slow speed, which allows the design of a control strategy based on the kinematics of the system. However, there are important differences between [20] and our work: (a) the kinematic model of [20] is in a plane (2D), whereas ours is a 3D model, (b) our system has the problem that the supporting points of the legs are uncertain, while the supporting points where known in [20] and (c) the control strategy is different because in the work [20] the actuators have only three states (maximum, zero and minimum speed) while ours can provide values of the speed in a continuous range, which allows us to carry out a control based on the inversion of the kinematic model. The development of the kinematic model and the control strategy of this work is therefore original. The starting point of the platform developed in this work is the large lightweight manipulator, designed by us and described in [21] , which is mounted on the mobile platform.
Moreover, the workspace of the manipulator is calculated in order to define the range of operation of the system. The main application of this system is for inspection tasks. The inspection tasks may be relevant for improving security and efficiency in many industrial applications. The system has an overview view camera in the tip of the manipulator and while the system is moving from one place to another, the camera is recording everything. However, when the system reaches an area of interest, the system starts working in the second configuration and it is needed to place the tip of the lightweight in particular points in order to focus a particular point of interest. For that reason, it is very important to define the workspace of the system in order to know which targets can be achieved for the system.
The main contributions of this work are: (1) the description of a novel mobile platform prototype which allows for transporting very large lightweight manipulators, (2) the development of a kinematic model of the system, and (3) the proposed control strategy based on the inversion of a novel kinematic model which allows for increasing the physical stability of the system and help in the positioning of the tip of the manipulator. This paper is organized as follows. Section 2 describes the mechanical design and the components of the system presented in this work. In Section 3, a new kinematic model is proposed and its validation is presented, along with simulated and experimental results. In Section 4, the workspace of the tip of the manipulator of the system is defined. The design methodology to control the linear actuators of the system is presented in Section 5. A new control strategy based on the inverse kinematics of the system is proposed in Section 5. In Section 7, a brief discussion of the results is made. Finally, some conclusions concerning the results are presented in Section 8.
Mechanical Design of the Mobile Platform
The system presented in this work is principally composed of a mobile platform and a very lightweight manipulator. The platform consists of a rectangular base with four legs and four wheels (see Figure 1a) . The platform described in this work is based on two different configurations in order to carry out two different tasks. The first configuration is when the legs of the system are up and are not in contact with the ground. In this configuration, the legs are not used and the system is used to transport the manipulator from one place to another.
The second configuration is when the legs of the system are in contact with the ground and the wheels are not used. In this case, the system is used to control the orientation and the posture of the base of the manipulator. Moreover, the base is used to increase the static stability of the system because when the mobile platform reaches a particular target, the lightweight manipulator that is on the mobile base will start moving. The legs, therefore, provide a solid base for the system. The purpose of the legs is to improve the stability of the system during the operation of the manipulator, which is above the mobile platform. They provide a solid platform for the safe operation and efficient use of the lightweight manipulator. If the manipulator has to be used, it is important to fully extend all of the legs and to raise the wheels off the ground.
The wheels do not provide the stability needed for the system and the system, therefore, needs the legs to prevent the system from leaning too much to one side or the other, or even from overturning. This is the main purpose of adding four legs to our mobile platform. In the last few decades, mobile cranes have used similar approaches in order to improve their stability. They use support devices called outriggers. The outriggers normally use hydraulics to lift the entire crane, whereas our prototype employs a linear actuator inside a mechanism that can be considered a four-bar mechanism. The legs are used to balance the system and to prevent the system from tipping forward and backward during operation.
Each leg is actuated by a linear actuator which has the function of changing the configuration of the system. Figure 1c shows that modifying the extension of the linear actuator leads to an alteration in the distance between the support point of the leg, P D , and the point that joins the leg and the base of the truck, P E , changes. Figure 1c shows that each leg is a four-bar linkage that consists of four rigid bars in the plane connected by revolute joints. For analytical purposes, four bar linkages are treated as planar mechanisms. However, in practice, the implementation of a four bar linkage could be spatial (non-planar). The four-bar linkage is the simplest and, often, the most useful mechanism. A variety of useful mechanisms can be formed from a four-bar mechanism by making slight variations, such as changing the character of the pairs, proportions of links, etc. As mentioned previously, the objective of the four-bar linkage used in this work is to be able to modify the difference in height between P D and P E by modifying the length of the linear actuator, which is located in the middle of the four-bar system. By combining the movement of the four legs, we are, therefore, able to modify the height and the posture (orientation) of the base of the system.
The parameters of the systems (see Figure 1 ) are shown in Table 1 . 
Components of the Mobile Platform
This section describes the components of the system: One real-time high-performance embedded controller (NI-PXIe-1082, National Instruments): this is an advanced reconfigurable control and acquisition system. It includes an 8-lot chassis and it runs Labview Real-Time for control and analysis.
Two Modules NI PXIe-6363, National Instruments): this is a multifunction PXI Module. Each module contains 32 analogic inputs, four analogic outputs and 48 digital input-outputs. This module is used to send the control voltage signal to the two motor drivers in order to control the voltage in the linear actuators and to acquire the signal from the accelerometer, the encoders of the linear actuators and the twelve limit switches.
Four linear actuators: linear actuators are electric devices that are able to convert the rotational motion of a DC motor into linear pull/push movements. The con50 (14actuators) are versatile, high efficiency, 12/24V DC industrial motors with planetary gears with small overall dimensions and a very high relation of reduction gear. They are made of powder-coated steel, providing a sturdy design that protects the motor and electric circuits. They are used to control the extension of the legs of the system (see Figure 1c) . Two motor drivers: the Sabertooth 2 × 25 V2 (Dimension Engineering) are very versatile, efficient and easy to use dual motor drivers. The Sabertooth can supply two DC brushed motors with up to 25 A each. On our platform, each Sabertooth allows us to control two linear actuators with analog voltage, independently. They will, therefore, be used to control the position and the direction of the linear actuators.
Four linear actuator encoders: each linear actuator has an encoder that measures the displacement of the linear actuators of the system. These sensors allow us to control the position and the speed of the linear actuators.
Four Maxon DC motor sets: each set is composed of a Maxon DC motor (maxon motor) which is a high-quality motor fitted with powerful permanent magnets. Planetary reduction gears (n = 26) and incremental high precision encoders with high signal resolution are mounted exclusively on motors with through shafts for reasons of resonance. They are used to control the rotational movement of the wheels of the system. Four Positioning controllers (EPOS2 24/5, maxon motor): these are small smart motion controllers. Owing to the flexible and high efficient power stage, the EPOS 24/5 drives both brushed DC motors with a digital encoder and brushless EC motors with digital Hall sensors and encoders. They integrate position, velocity and current controls, which allow the user to develop sophisticated positioning applications. Each of these controllers is used to move one of the Maxon DC motors.
Twelve limit switches: these switches include electrical contacts with which to energize and de-energize a circuit. Four switches are located in order to detect the maximum extension of each leg and the other four switches are located in order to detect the maximum shrinkage of each leg. These eight switches are used in order to avoid damage to the system when it surpasses its mechanical limits. The system also has four other switches in order to detect when the leg is in contact with the ground. This will be very important when the stabilization process is used.
One inertial sensor: the sensor is called ADIS16448 and is a complete inertial system that includes a triaxial gyroscope, a triaxial accelerometer and a triaxial magnetometer. The sensor has been placed in the central part of the base of the truck in order to measure the orientation of the base of the platform. 
General Approach of the System
1. The system transports the lightweight manipulator in the first configuration (the legs are up and the system uses the wheels) 2. When the system reaches a particular point at which the lightweight manipulator has to start moving, the wheels are braked and the four linear actuators start to move slowly until the four legs touch the ground. 3. The linear actuators of the system are moved (second configuration) in order to attain a determined posture and orientation of the system.
Kinematic Model of the System
The definition of a mathematical model for the mobile platform working in the second configuration is of the utmost importance in order to obtain advanced controllers that will improve the control of the orientation and the posture of the system when it reaches a particular target. We propose a simplified model based on a kinematic model of the system. This can be justified because the mobile platform in the second configuration moves at slow speeds, signifying that the accelerations of the whole system in the stabilization phase are very small, which implies that inertial forces are very small in comparison with gravity forces. The control law is, therefore, easier to implement and only a kinematic model of the system is necessary. It is highly important to develop a precise kinematic model of the system in order to later propose a new kinematic control scheme so as to maintain the base of system in an established position and orientation.
The system in this work, when it is working in the second configuration (the legs are in contact with the ground), is similar to a parallel robot with 3-DOF and with four legs (e.g., [22] ). The only difference is that the support point of the legs, P D , is not fixed during the movements of the linear actuators, while in parallel robots the joint points between the linear actuators and the fixed base remain unchanged. The combination in the actuation of the legs allows the pose of the platform (position and orientation) to be controlled. In the case of our system, the fixed base would be the ground and the base of the truck would be the movable base. Since the manipulator has 3 DOF, only three of the four legs need to be actuated, whereas the fourth leg does not. We call the non-actuated leg a passive leg.
In the proposed kinematic model of this work, only the positions of three legs, therefore, need to touch the ground in order to define the inclination and the posture of the system. Only these three legs will, consequently, be used to control the system. The passive leg will be used to make the system more stable, thus avoiding its imbalance.
This section describes the forward kinematic model of the system. The forward kinematic model is used to define the relation among the position of the linear actuators and the posture and orientation of the base of the truck. The method employed to describe the orientation of the frames used in this work will be the well-known roll (φ), pitch (θ) and yaw (ψ) angles about fixed axes. This is the rotation about X by φ (roll), rotation about Y by θ (pitch) and about Z by ψ (yaw). The derivation of the equivalent rotation matrix R I J is straightforward because all rotations occur about the axes of the reference frame:
The kinematic model of the system can be obtained by assigning different coordinate frames, as shown in Figure 3 . The different frames are defined as follows:
• Frame {A}: this is the fixed frame of the system. Its z-axis is parallel to the gravity force but in the opposite direction. This frame will be considered as the reference frame. The origin of this coordinate axis is on the point of support of the right back leg at the beginning of the stabilization process.
• Frame {B i }: this is a fixed frame of the surface on which the system will be located. Its z-axis is perpendicular to this surface and the origin of this coordinate axis is on the point of support of the right back leg. The orientation of this frame with respect to {A} is [φ 0 θ 0 ψ 0 ]. The origin of this coordinate axis is on the point of support of each leg at the begining of the stabilization process. It is assumed that this frame is constant during the stabilization process. The origin of this coordinate axis is on the same point of the origin of frame {A}.
• Frame {C i }: this is an inertial frame related to the upper part of the base of the truck. Its z-axis is perpendicular to the upper part of the base of the truck. The origin of this coordinate axis is on the point of support of each leg. The orientation of this frame with respect to {A} is [φ(t)
θ(t) ψ(t)].
It is interesting to express the orientation of this frame with respect to {A} because the inclination measurements of the sensor that will be used in the control process are related to frame {A}. We shall define one frame {C i } for each leg.
• Frame {D i }: this is an inertial frame whose z-axis is perpendicular to the upper part of the base of the truck. It is similar to frame {C} but rotates about Z C by β (configuration parameter of the system). The origin of this coordinate axis is on the point of support of the right back leg. The orientation of this frame with respect to {C} is [0 0 β i ]. We shall define one frame {D i } for each leg, where β i will be different for each leg and will depend on the parameter β of the system (see Figure 1b ).
•
Frame {E i }: this is an inertial frame whose z-axis is perpendicular to the upper part of the base of the truck. It has the same orientation to frame {C}. The origin of this coordinate frame is on the point that joins each leg to the base of the truck. We shall define one frame {E i } for each leg.
Frame {F}: this is an inertial frame whose z-axis is perpendicular to the upper part of the base of the truck. It has the same orientation to frame {C}. The origin of this coordinate frame is in the geometric center of the base of the truck.
The inputs of the system are the positions of the linear actuators. When the length of the linear actuators is modified, the posture and the orientation of the system consequently change. The first step is to obtain the relation between the support point of the leg (O D ) and the point that joins the leg to the base of the truck (O E ). We assume that the four legs are completely equal. Figure 4 shows a scheme of one leg. We represent the kinematic configuration of the four-bar leg by the location of its toe with respect to its clamp part with the base of the truck, whose vector depends on the features of the system and the position of the linear actuators. The coordinate frame of the leg is frame {D i }. − → P E D is the translation between the origin of frame {D i } and frame {E i } expressed in the coordinates of frame {D i }. Figure 4 . Scheme of the mechanism of the leg.
In Figure 4 , l 2 , l 3 , l 5 , l 6 , l 7 and α are parameters of the system (see Table 1 ) and they are constant. However, γ i (t) and ϕ i (t) depend on the length of the linear actuator, d i (t).
The use of the cosine theorem makes it possible to obtain the relation between the angles γ i and ϕ i and the position of the linear actuator d i :
The translation between the origin of frame {D i } and frame {E i }, expressed in the coordinates of frame {D i } and taking into account that cos (π
, can, therefore, be expressed as:
Once the kinematics of one leg has been defined, the next task is to define the frames {C i }, {D i } and {E i } of the four legs. Figure 5a shows the definition of the frames for each leg. As will be noted in this figure, the orientation of the frames {C i } and {E i } is the same for the four legs and they are located on the support point of each leg and on the point that joins each leg to the base of the truck, respectively. However, the orientation of the frames {D i } are different for each leg and they are located on the support point of each leg. The translation vectors between the frames {E i }, corresponding to each leg i, and the frame {F}, which is located in the geometric center of the base of the truck (see Figure 5b) , expressed in the coordinates of the frames {E i }, are constant vectors denoted
T , whose components are given in Table 2 and upper T means matrix transpose. 
Keeping in mind that the system does not rotate about the axis (ψ 0 = 0), the rotation that relates frame {B i } to frame {A} is R A B i = R y (θ 0 )R x (φ 0 ). The same occurs with the rotation (ψ = 0) that relates {C i } to frame {A} which can be expressed as R A C i = R y (θ)R x (φ) where θ and φ were defined previously as the first two components of the orientation of the frame related to the upper part of the base of the truck ([φ(t) θ(t) ψ(t)]) with respect to the fixed frame of the system. This orientation varies depending on the configuration of the legs and the orientation of the surface on which the system is located, whereas θ 0 and φ 0 are the two first components of the orientation of the frame related to the surface on which the system is located ([φ 0 θ 0 ψ 0 ]). Note that the frames have been defined in such a way that the third component of the orientations of the aforementioned frames is equal to zero (ψ(t) = ψ 0 = 0).
Upon observing Figure 5a , it will be noted that the rotation that relates frame {D i } to {C i } is different for each leg. These rotations, therefore, can be expressed as R
where i is the number of the leg, and this value can be defined as:
It is now possible to define the transformation that relates frame {A} to frame {F} as:
Upon simplifying T
and keeping in mind that p yi =0, (see Equation (4)), we obtain that:
Equation (5) can thus be simplified to
F , where the transformation matrix .
Note that applying equation
F to the three legs that are in contact with the ground yields two nonlinear matrix independent equations. The problem of using this method is that the position of the support point of the legs varies throughout the stabilization process and these variations are unknown. Variables q xi , q yi , q zi will, therefore, change throughout the stabilization process and they are uncertain. As a result, it is impossible to attain with this method a precise kinematic model that relates the position of the linear actuators to the orientation of the base of the truck without knowing this slipping.
The Problem of the Slipping of the System
The support point of the legs has a little displacement around the plane of the ground owing to the configuration of the four-bar mechanism used to move the legs of the system. Figure 6 depicts the relative movement of the support point P E and P D (blue line) when the extension of the linear actuators varies considering that the point P E is fixed thorough the movement (actually, P E is not fixed, but we do it in order to illustrate the relative movement between P E and P D ). Notice that this movement is not only vertical; the support point also follows a semicircular path. The configuration of the legs will, therefore, cause movements of the support point, P D , in the direction x of the frames {D i }. This phenomenon was observed with the real prototype, and as the absolute displacement of P D and P E depends on the configuration of the system, we only know the relative displacement between these two points.
It is important to highlight that the slipping is prompted for the configuration of the mechanism of the legs. The four-bar mechanism can change the height of the point P E , which is called displacement p zi . However, unavoidably, a small displacement p xi is produced which introduces some uncertainty in the position of P D in the plane of the ground (Figure 6a shows that p xi is much smaller than p zi ). Small wheels were located in the lower part of the system (see Figure 7a ) in order to minimize the effort of the linear actuator at the time of executing the movement and surpassing the friction between the support point and the ground. The wheels of the legs were located in the plane of the four-bar mechanism in order to permit the rolling only in that plane. This configuration has two important features: (a) it allows smooth displacements of P D of each leg in the plane of the ground (∆p xi ) because the wheels can roll in the plane of the leg minimizing the effort of the linear actuators and (b) the wheels of the four legs are in opposing directions because of the configuration of the system, thus avoiding the slipping of the whole system (see Figure 7b) . It means that, if the linear actuators are braked, no slipping should appear in the system. 
New Kinematic Model
One alternative by which to solve the aforementioned problem could be to use a sensor that measures the position of the support points of the legs. However, in this work, we propose a new alternative that allows us to obtain a kinematic model without having to use more sensors. Note that there is a component of the position of the support point of the legs that will be constant throughout the process of stabilization and is, fortunately, equal for the legs that are in contact with the ground (3 at least). This component is the component Z of the position of the support points expressed in the frame {B}. This allows us to reformulate the previous methodology in order to obtain the kinematic model of the system without having to use more sensors. Bearing this in mind, and defining a frame {B i } and {A i } for each leg with the same orientation as {B} and {A} but with the origin in each leg, we shall, therefore, define the kinematic model of the system as T
F . Elements r i 3,4 are, therefore, equal for the three legs that are in contact with the ground and they do not depend on the sliding of the support points of the legs (these legs will be denoted by the superscript i 1 , i 2 and i 3 ). We consequently have two nonlinear independent equations and two unknowns (θ, φ) when using this methodology. These equations are: 
The accelerometer measures the orientations with respect to the fixed reference frame {A}, signifying that the transformation R , in which h zi = 0 because the support points of the legs slide around the plane of the ground, and the movement of the support points is therefore zero in the perpendicular direction of the ground. This allows us to obtain a kinematic model which has two equations and two unknowns and this is made possible by presenting the model in this different form.
T
F can be simplified as follows:
where the first three components in the last column are the translation vector between the frames {C i } and {F} expressed in the frame {C i }, which is defined as − → ) and the fact that r i 3,4 , which is constant for the legs that are in contact with the ground, can be defined as:
where c 1 = sin θ 0 cos φ 0 , c 2 = − sin φ 0 and c 3 = cos θ 0 cos φ 0 Note that the expression above, which facilitates attaining the kinematic model, can be obtained because h zi = 0. This is possible because we present the model in a different and innovative manner.
We, therefore, define
for the three legs that are making contact with the ground. The final three equations that define the kinematic model are:
where g 1 (θ) = 
Kinematic Model Validation
The purpose of this section is to validate the efficiency and the accuracy of the kinematic model proposed in this work by means of a software program and using the real prototype. Figures 8 and 9 show the results obtained doing co-simulations with Matlab/Simulink and MSC ADAMS software and the results obtained using the proposed kinematic model (the orientation is obtained solving the Equations (10) and (11) using the parameters of Table 1 , the orientation of the ground and the positions of the actuators and the height of the centre of frame {F} are obtained using (12) ). This software has been used to simulate the kinematics of the system combining different positions of the linear actuator in order to asses the accuracy of the proposed kinematic model. During simulations, the system was placed on an inclined plane and a combined movement of the linear actuator was proposed. The plane on which the system is located has an orientation of θ 0 = 5 • and φ 0 = 0 • . In the initial configuration of the system, its four legs are touching the ground and the base of the system has an orientation of θ = 0 • and φ = 0 • . A trajectory that modifies the inclination in both directions is generated using the linear actuators in order to validate the kinematic model. The system was located in an inclined plane in order to demonstrate that the proposed kinematic model is valid for any inclination of the ground. Figure 8 shows the height of the center of frame {F} and Figure 9a ,b show the pitch and roll angles of the system, respectively The maximum errors of the orientation in the co-simulation are E h = 0.3 mm, E θ = 0.07 • and E φ = 0.07 • . Figures 10 and 11 show the results obtained with the real prototype and the results obtained using the proposed kinematic model. A camera-based optical tracking system was used as an external sensor to validate the experimental results. This sensor consists of three infrared cameras that measure the orientation and posture of the system with very high precision. Appendix B describes how the inclination and the height of the centre of frame {F} are calculated in experimentation. The results obtained using the real prototype are compared with the inclination and height of the centre of frame {F} obtained using the proposed kinematic model, in order to validate its accuracy in the real prototype. The orientation is obtained solving Equations (10) and (11), using the parameters of Table 1 , the orientation of the ground (which is known in the experiment) and the positions of the actuators, which are measured with the encoders of the linear actuators. The height of the centre of frame {F} is obtained using Equation (12) .
Simulation Results

Experimental Results
In this case, the plane on which the system is located has an orientation of θ 0 = −0.3 • and φ 0 = 0.1 • . Figure 10 shows the height of the center of frame {F} and Figure 11a ,b shows the pitch and roll angles of the system, respectively. The maximum errors of the kinematic model concern the height of the system, E h = 1 mm, and the two components of the orientation E θ = 0.1 • and E φ = 0.2 • .
Workspace of the Robot
The whole system is a mobile manipulator principally composed of the mobile platform described in Section 2 and a very slender manipulator made of composite material with a length of L = 2.02 m and a total mass of m = 0.27 Kg. The purpose of this section is to obtain the workspace of the whole system.
The workspace of the system will be defined by the possible positions of the tip of the lightweight manipulator, which is above the truck. The workspace of the position of the tip of the lightweight, expressed in coordinates of frame {B} which has the origin on the support point of the right back leg, depends on the parameters of the system and the extension of the linear actuators, which has a range of extension between the extension needed to touch the ground with the leg and the maximum extension of the device [0.390-0.420]. The workspace is obtained using the kinematic model of the system to calculate the position of the center of frame {F} and adding the distance between the center of frame {F} and the tip of the manipulator and supposing that the system is in a flat ground (θ o = 0 and φ o = 0). Note that the distance between the center of frame {F} and the base of the manipulator is L = 0.147 m and the length of manipulator is described by L = 2.02 m (see Figure 12a) . The different positions of the tip can be obtained with the following equation and for all the combinations that assure that the extension of the four linear actuators are in the range [0.390-0.420]: Figure 12 shows that the shape of the workspace of the system is an object with eight curves' faces. The workspace can, therefore, be approximated by using eight equations that define the curves' planes of the eight faces. The conditions for the workspace of our robots are the following: . These conditions define a workspace which is inside the real workspace and represent more than 97% of the total workspace. This means that the robot can achieve the target if the points fulfill the previous conditions and less than 3% of the points are not included in the approximated workspace
In the cases where the system is placed on an inclined plane (θ o = 0 or φ o = 0), the workspace will be defined by the previous workspace (obtained for the case of flat ground) being rotated by R B i A i . Therefore, to know if a specified point expressed in the frame {A} (fixed frame of the system) and respect the point of support of the right back leg and having an orientation of the ground θ 0 and φ 0 can be achieved for the system, we transform the coordinates of the specified point expressed in the frame {A}, [x,ŷ,ẑ], as follows:
Therefore, if the point [x,y,z] fulfills the previous eight conditions, it means that the system can achieve the target.
Design of the Controllers of the Linear Actuators
In our control scheme, we feed back the measurements of the linear actuator encoders. The control strategy consists of an inverse kinematics of the system described with a unified Jacobian model that is valid for all the configurations of the system. This control strategy is combined with linear actuator position controllers to make the dynamics between the linear actuator extensions and their references negligible and robust to motor frictions and parameters' changes. The idea is to make use of the kinematic model described in the previous section to determine the linear actuator extensions through the inverse kinematics of the system that provide a precise control of the posture and the orientation of the system. The linear actuators extensions are simultaneously controlled by PI (proportional-integral) controllers.
Linear Actuators' Dynamics
The dynamic model of a typical DC motor is a very well known second-order equation. As was explained previously, a linear actuator is a device that converts the rotational movement of a DC motor into linear movements. The equation that describes the dynamics of a linear actuator can, therefore, be expressed as:
where Γ is the motor torque that is assumed to be proportional to the control voltage signal V, K m is the constant that relates the motor torques with the control voltages, J l and ν l are the equivalent inertia and the viscous friction of the system, Γ nlc is the Coulomb friction of the motor and x is the linear position of the system. The transfer function of the system when considering the Coulomb Friction as a disturbance that will be canceled for the controller can, therefore, be expressed as:
Identification of the System
The identification process of the dynamics of the linear actuators was carried out for two different cases: (a) when the leg is not in contact with the ground and the system does not, therefore, have to move a load and (b) when the system is in contact with the ground and the load on the mobile platform (the total mass of the system is 50 Kg) is distributed over the four legs. In each case, ten steps with different amplitudes were used as input to the system. In Figure 13a ,b, the applied voltage of the system and the extension of the linear actuator are shown, respectively, for case (a). In Figure 14a ,b, the applied voltage of the system and the position of the linear actuator are shown, respectively, for case (b). These figures show that the response of the system to the steps are ramps with different slopes. It is, therefore, possible to conclude that the transfer function that relates the control signal (V) and the linear position of the actuator (x) can, for both cases, be approximated using the expression:
Note that Equation (16) tends toward Equation (17) if
is much higher than 1. Figure 15a shows the relation between the control signal and the velocity of the system in both cases. Figure 15b depicts the constant K of the transfer function (17) for each step and for both experiments. The results show that the system behaves in a similar manner, regardless of whether or not it is carrying a load. This phenomenon occurs because the linear actuator has a very high reduction gear and the additional torque required to move a load, therefore, has very little influence on the dynamics of the system. Finally, a nominal value of K = 0.01 with a maximum variation of 15% was obtained in both experiments. This value is the mean of K in the ten steps of both experiments. The same study was carried out for the other three legs, obtaining similar results. It was, therefore, considered that the dynamics of the four legs of the system can be described using the following transfer function:
Design of the Controllers
In our control system, we feed back measurements of the linear actuator positions x. Figure 16 shows the control scheme of the linear actuators. We propose a controller of the form:
Upon operating the characteristic polynomial (denominator of the closed-loop transfer function) of the system and equalizing to a second order transfer function, we obtain:
where p is the absolute value of the position of the poles of the closed-loop transfer function. Equation (21), therefore, enables us to obtain two parameters and two equations. PI controllers of the form (19) were chosen because we need two parameters to ensure good trajectory tracking, providing precise and fast motor positioning responses and, above all, because their integral action eliminates the error in the steady-state that produces unmodelled disturbances such as Coulomb friction, Γ nlc .
Truck Height and Orientation Control System
The proposed control strategy combines the previous linear actuator position controllers with a unified Jacobian model, which is valid for all the configurations of the system, obtained from the inverse kinematic model developed in Section 3. The linear actuator extensions are calculated by using the inverse kinematics of the system. This provides a precise control of the posture and the orientation of the mobile platform. The linear actuator extensions are simultaneously controlled by the decentralized PI controllers of Subsection 5.3. These controllers have been tuned with high gains in order to make the closed loop dynamics of the linear actuators negligible (transfer functions between the actuator extensions and their references approximately equal to 1) as well as robust to motor frictions and parameters changes.
Inverse Dynamics
In this section, a new control strategy is proposed to control the orientation of the system (θ, φ) and the height of the center of mass of the truck (h). The system has therefore three outputs y = θ φ h T and three inputs must be used in order to control them, which are the positions of
Assuming that the legs with these subindexes i 1 , i 2 and i 3 (see Figure 17 ) are in contact with the ground, three independent nonlinear equations are defined that can be expressed in a compact form as follows. Let us express Equations (10)- (12) in a matricial form as
where g 1 (θ), g 2 (θ, φ) and g 3 (θ, φ) were defined in Section 3.2 and:
being the p x , p y and p z variables related to the three inputs u through expressions (4). Then, Ω(y, u) is a vector function 6 → 3 . Let us denote ∇ y Ω the Jacobian matrix of Ω with respect to the output vector y and ∇ u Ω the Jacobian matrix of Ω with respect to the input vector u. Differentiating Equation (22) with respect to time, it is obtained that
and the differential relationship between the derivative of the reference of the controlled variablesẏ * = θ * φ * ḣ * T and the desired derivative of the linear actuator extensionṡ
can be expressed in the following matricial formulation (see Appendix A for the values of the components of the matrices):
Note that the inversion of matrix ∇ u Ω in Equation (26) is very simple owing to the fact that
and
where
Obtaining Orientation of the Ground
The proposed control strategy uses the inversion of the kinematic model in order to calculate the trajectories of three linear actuators to control the three outputs of the system (θ, φ and h), provided that the orientation of the ground (θ 0 and φ 0 ) is known. The first step in order to be able to use the control strategy of this work is, therefore, to calculate the orientation of the ground. This is done using the measurements of the inertial sensor (see Figure 2 ) and the extensions of the linear actuators when the system works in the second configuration at the instant at which the legs are in contact with the ground, and Equations (10) and (11) of the kinematic model. We have two nonlinear equations with two unknowns (θ 0 and φ 0 ) that can be solved using numerical methods such as the Newton-Raphson method because the parameters of the system, the orientation of the base of the truck (θ and φ) and the extension of the linear actuators are known.
New Strategy Proposed for the Additional Leg
As mentioned previously, the system has 3 DOF and four legs that can be actuated. Note that the kinematic control is defined using the extension of the linear actuators (d i 1 , d i 2 and d i 3 ) of three legs, and the control of the system also uses only these three linear actuators. The passive leg will, therefore, be used to make the system more stable, thus avoiding imbalance. The strategy proposed in this work is to calculate the position of the linear actuator (d i 4 ) in order to fulfill the condition that the support point of the passive leg is in contact with the ground:
which can be expressed as
Equation (31), therefore, makes it possible to calculate the position of the linear actuator of the passive leg at each moment according to the position of the extension of the linear actuators and the orientation. Finally, the general control strategy proposed in this work is depicted in Figure 18 . Figure 18 . Control scheme.
Experimental Results
This section shows some of the experimental results obtained after using the proposed control system when the system is in contact with the ground in order to demonstrate its efficiency. Figure 19 shows a photograph of the prototype. Figures 20 and 21 show the results obtained after using the control proposed in this work. It is possible to obtain a very good tracking of the three variables that we wish to control (θ, φ and h). A camera-based optical tracking system was used as an external sensor. A small error owing to the uncertainties in the kinematic model will also be noted. Figure 22a shows the extension of the actuators required to carry out the desired tracking of the posture and orientation of the system. The poles of the controller of the linear actuators were located in p = −10 for the four linear actuators, and the following controller for the four linear actuators was obtained from Equation (21):
Finally, Figure 22b shows that an almost perfect tracking of the extension of a linear actuator is achieved using the controller (32). The maximum errors of the system between the references and the outputs are E h * = 2 mm,
Discussion
The new kinematic model has been tested by means of realistic co-simulation with Matlab/Simulink and MSC ADAMS software and with the real prototype. The results of the kinematic model have been tested by using software and placing the system on an inclined plane in order to test the kinematic model being validated when the system is on inclined ground. The co-simulations show that the model described the kinematics of the system quite well with an almost negligible error (maximum errors of E h = 0.3 mm, E θ = 0.07 • and E φ = 0.07 • ). These little errors are caused because the kinematic model assumes that the support point of the legs is at specific points, but the hypothesis is not perfectly true. This point will change slightly depending on the orientation of the system because the lower part of the leg is a surface. However, this error may be negligible.
In addition, the kinematic model has been tested using the real prototype. The experimental results show the good accuracy of the kinematic model. However, few errors appear in the model, particularly as regards the orientation (maximum errors of E h = 1 mm, E θ = 0.1 • and E φ = 0.2 • ). The maximum errors in experimentation are considerably greater than in simulations because the parameters of the system are not perfectly equal in the four legs owing to inaccuracies at the time of manufacturing the pieces.
The results of the identification of the dynamics of the linear actuators demonstrate that the system has similar behaviors if the system works with and without load. Therefore, the dynamics of the linear actuators can be approximated by the transfer function (18) .
The control scheme shows a very good tracking of the output of the system (E h * = 2 mm, E θ * = 0.2 • and E φ * = 0.2 • ) using the control strategy proposed in this work. As can be seen from the results, the errors are similar to the errors obtained when validating the kinematic model. The next step of this work will, therefore, be to add an external loop that will feedback the measurements of the inertial sensor in order to correct the errors caused by inaccuracies in the parameters of the system. In addition to this, the results show the perfect trajectory tracking of the extension of the linear actuators. These results demonstrate that the hypothesis of approximating the dynamics of the linear actuators by the transfer function (18) , for any configuration is valid because the load of the system has a negligible effect in the dynamics of the actuators. Finally, the workspace of the system considering the manipulator as a rigid one has been calculated. The obtained volume has been approximated using eight equations which represent 97% of the real workspace.
As was mentioned in Section 3.1, the wheels of the four legs are in opposing directions in order to avoid the slipping of the whole system. However, if the mobile manipulator placed above the mobile platform moves fast enough, it is possible that the reaction forces in the platform become bigger than the friction forces of the support points of the legs. Then, some slipping could appear in the mobile platform. For that reason, a simulation study of fast trajectories of the lightweight manipulator has been carried out in order to study this phenomenon. Anyway, the interaction between the manipulator and the mobile platform will be addressed in future works. For that reason, this phenomenon only is studied with some simulations. Figure 23 shows the results of co-simulations with Matlab/Simulink and MSC ADAMS software in order to compare the slipping that appears in the cases: (1) the linear actuators of the system are moving while the lightweight manipulator is stopped and (2) the lightweight manipulator is carrying out a fast trajectory (45 • in 1 s) while the linear actuators are braked. The initial position of the flexible manipulator is perpendicular to the plane of the mobile platform. During the first part of the movement, the linear actuators are moving in order to increase the height of the center of mass of the mobile platform, h, while keeping constant the orientation of the system (θ = 0 and φ = 0). During the second part of the movement, the linear actuators are braked and the manipulator carries out a fast trajectory. In the upper part of Figure 23a , the trajectory of the height of the system, h, is shown, whereas, in the lower part of Figure 23a , the angular movement of the lightweight manipulator is shown. In Figure 23b , the module of the displacement of the support points of the legs in the plane of the ground, ∆p xi , is shown for each linear actuator. In that simulation, real parameters of the system have been used. The total mass of the mobile platform is approximately 50 Kg, whereas the mass of the lightweight manipulator with the camera at the tip is 1 Kg. The results show that the slipping that appears when the manipulator is moving is negligible (lower than 0.01 mm in each leg) because the configuration of the four legs does not allow it if the linear actuators are stopped. However, when the linear actuators are moving, the effect of the slipping is noticeable (around 3 mm in each leg). Notice that the weight of the manipulator is much lower than the weight of the mobile base. This is another advantage of using lightweight manipulators in mobile platforms: the reaction forces due to fast movements of the manipulator will have little influence in bulky platforms. Our mobile platform is not very big, but it has the possibility to extend its legs in order to increase the polygon support of the system and improve considerably the physical stability of the system. The interaction between the manipulator and the base platform has been only addressed analyzing the slippage caused by a fast movement of the manipulator. Only simulated results have been provided because it is not easy to precisely measure the produced small slippage. We have not noticed any vibrations caused by the possible manipulator-non rigid platform interaction, as the experimental measures given by the external optical system show in Figures 20 and 21 . Then, we can state that our platform is quite rigid. 
Conclusions
We have presented a new mobile platform with which to transport lightweight manipulators. Its main features are that the system has legs and wheels in order to carry out three different tasks: (a) transport the manipulator from one place to another, (b) increase the stability of the system, since it is able to position the base of the platform in a specific posture and orientation and the legs increment the area of the stability polygon and (c) legs help in the positioning of the tip of the manipulator. In this work, a new kinematic model is proposed which describes the kinematics of the system quite well and it is able to deal with the slipping problem of the support points of the legs. The kinematic model has been validated by means of a software program and using the real prototype, for both the cases that the system is located in an inclined plane and in a flat plane.
The proposed control strategy combines actuator control loops that feed back measurements of the linear actuator encoders with a feedforward controller based on the inversion of the kinematics of the system, this last term being in charge of the control of the posture and inclination of the system. Our experiments show that this inclination and posture open-loop control gives an accurate enough positioning for many applications.
It has also been verified that the configuration of the system does not affect the dynamics of the linear actuators because they have a very high reduction gear. Therefore, simple PI controllers have been proposed to design the actuators' control loops.
Although the experimental results show the efficiency of the control scheme, there is still room to increase the accuracy in the positioning of our system as well as its robustness to small parametric uncertainties. Then, our next step will be to close an outer second control loop (around the already implemented inner actuator control loop) that feeds back the measurements of the inertial sensor in order to eliminate residual positioning errors (this sensor has only been used in this work to estimate the inclination of the ground).
Moreover, the system has a DC motor in the base of the truck (see Figure 19 ), which has not been included in this work. This additional joint will increase the workspace of the system. The study of the system with this additional joint will be the objective of future works.
Finally, the workspace of the system is defined considering the manipulator as a rigid one. Future works will consider the flexibility of this system in order to be more precise in the definition of the workspace for the lightweight manipulator of the real prototype. (23) and (24), respectively.
Appendix B
The camera-based optical tracking system, composed of three infrared cameras, was used to measure the height of the centre of frame {F} and the inclination of the mobile platform. Therefore, the 3D positions of the four points depicted in Figure A1 were measured in order to know the height and the inclination of the prototype. The optical system measures the 3D positions with respect to the Frame {A}. Therefore, using the 3D positions of P 1 , P 2 and P 3 , the inclination θ and φ can be easily calculated. After that, measuring the position of P 4 and the inclination of the ground, the height of the centre of frame {F} can be easily obtained. This camera-based optical tracking system has a very high accuracy and it is able to measure the position of a specific point with a precision of 0.05 mm. It was proved in experimentation that using the configuration of the measured points of the Figure A1 and this precision, the system is able to measure the inclination with a precision of 0.01 • .
